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Abstract
In a 2018 paper, Cameron and Semeraro posed the problem of finding
all group-graph reciprocal pairs. In this paper, we make a significant
contribution to finding all such pairs. A group and graph form a reciprocal
pair if they satisfy the relation
PΓ,G(x) = (−1)
n
FG(−x)
where PΓ,G(x) is the orbital chromatic polynomial of a graph Γ and FG(x)
is the cycle polynomial of a finite permutation group. We define a set of
graphs to be k-stars and prove that they satisfy a reciprocality relation
with some group depending on k. These graphs are comprised of a com-
plete graph with k vertices and a further α ‘points’ which are only con-
nected to each vertex in the centre. This group is a subgroup of Sk × Sα,
which is the automorphism group of a k-star and α is the number of points
on the star. We conjecture a list of group-graph reciprocal pairs.
1 Introduction
The cycle polynomial of a finite permutation group G acting on a set Ω of size
n is
FG(x) =
∑
g∈G
xc(g)
where c(g) is the number of cycles (including fixed points) of g on Ω. This
polynomial will always be monic with degree n as the only element with n cycles
is the identity element. We also need to define the orbital chromatic polynomial
of a graph Γ. Firstly, the chromatic polynomial of a graph Γ, denoted by PΓ(x),
is a monic polynomial of degree equal to the number of vertices of Γ, such that
when evaluated at a positive integer c, it gives the number of proper colourings
of the graph Γ with c colours. A proper colouring of a graph is a map from the
vertex set to the set of colourings such that no two adjacent vertices have the
same colour.
To get the orbital chromatic polynomial of Γ, we let G be an automorphism
group of Γ and take any g ∈ G. Then define the graph denoted by Γ/g to
be the graph obtained by ‘contracting’ each cycle of g to a single vertex. The
chromatic polynomial PΓ/g(x) is the polynomial which counts proper colourings
of Γ fixed by g. From the definition of proper colouring, it is clear to see that if
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any cycle of g contains an edge, then PΓ,g(x) = 0 as there is now a loop in the
graph. Now we can define the orbital chromatic polynomial of a pair (Γ, G). It
is given by the summation
PΓ,G(x) =
∑
g∈G
PΓ/g(x).
Note that if a graph contains loops, there are no proper colourings of this graph
so we assume that all the graphs we are working with are simple.
We call a group-graph pair (Γ, G) a reciprocal pair if the relation
PΓ,G(x) = (−1)
nFG(−x)
holds for a simple graph Γ with n vertices and where G is an automorphism
group of Γ. This reciprocity relationship is defined in [2].
There are already some examples of group-graph reciprocal pairs that we know
of. Richard Stanley in his 1974 paper [3] introduced the idea of reciprocity
for combinatorial polynomials. Peter Cameron and Jason Semeraro then posed
the problem of finding all group-graph reciprocal pairs and we expand on their
search in this paper.
There are of course trivial cases; the case where Γ is a complete graph with n
vertices and the automorphism group Sn, and the null graph with any G which
has no odd permutations. The 4-cycle with the dihedral group of order 8 also
form a group-graph reciprocal pair and the proof of this is given in [2, Example
1].
In [2, Theorem 4.1], an infinite family of group-graph reciprocal pairs is given
where the graph is a star. We define a k-star (with k < n) to be the graph with
vertex set V (Γ) = {1, ..., n} and edge set
E(Γ) = {(i, j) | i 6= j, i, j ≤ k} ∪ {(i, j) | 1 ≤ i ≤ k, k + 1 ≤ j ≤ n}
so a 1-star is a star. Here is the main result of our paper:
Theorem 1 Suppose (Γ, G) is a reciprocal pair where Γ is a k-star with n ≥
2k + 1 vertices and G < Sn. Then the following hold:
1. n = r(k + 1) + k for some r ∈ N
2. G = G¯× Sk for some G¯ ≤ Sr(k+1) where n = r(k + 1) + k and either
(a) (Sk+1)
r ≤ G¯ ≤ Sk+1 ≀ Sr if k is odd or
(b) (Sk+1)
r ≤ G¯ ≤ Sk+1 ≀ Ar if k is even.
[2, Theorem 4.1] speaks to the case k = 1. Its proof is also similar, however in
the proof of our result we are using methods such as counting arguments giving
the proof in this paper some novelty.
This gives us a doubly infinite family of reciprocal pairs. It is also known that
we can form more pairs by taking direct products and wreath products and
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was proved in [2, Proposition 3.5, 3.6]. For example, if we have n reciprocal
pairs (Γ1, G1), (Γ2, G2), ..., (Γn, Gn) and let Γ be the disjoint union of Γ1, ...,Γn
and G be the direct product of G1, ..., Gn where Gi ≤ Γi. Then (Γ, G) is also
a reciprocal pair. A similar thing happens when we take the wreath product.
Let Γ be the graph given by the disjoint union of m copies of a graph Γ0 and
G ≤ Γ0. Assume that (Γ0, G) form a reciprocal pair. If we have another group
H of permutations of degree m containing no odd permutations, then (Γ, G ≀H)
is also a reciprocal pair. This means that we can form new pairs from already
existing ones.
Definition:A reciprocal pair (Γ, G) is irreducible is there is no non-trivial de-
composition Γ = Γ1 ∪ Γ2 ∪ ... ∪ Γn and subgroups Gi ≤ G with Gi ≤ Aut(Γi)
such that either
1. G = G1 × ...×Gn with each (Γi, Gi) a reciprocal pair,
2. Gi ∼= Gj and Γi ∼= Γj for all i 6= j and G = G0 ≀H for some H ≤ Sn and
G0 ∼= Gi for all i.
To find these pairs, we conducted a search using the software Magma [1] to
speed up the process. During this search, the only pairs that we found we either
(products of) k-stars, the 4-cycle and dihedral group of order 8, and the two
trivial pairs. This leads us to the following conjecture:
Conjecture: Let (Γ, G) be an irreducible reciprocal pair. Then one of the
following hold:
1. (Γ, G) is one of the two trivial cases:
(a) Γ is a null graph and G is any group with no odd permutations,
(b) Γ is the complete graph with n vertices and G = Sn.
2. Γ is a 4-cycle and G ∼= Aut(Γ).
3. Γ is a k-star and G is defined in Theorem 1.
2 Proof of Theorem 1
To prove Theorem 1, we first state some results from [2] which are used in the
proof.
Lemma 2 [2, Proposition 1.3] If G contains no odd permutations, then FG is
an even or odd function according as n is even or odd; in other words,
FG(−x) = (−1)
nFG(x).
Lemma 3 [2, Proposition 1.6] Suppose that G and H are permutation groups on
the same set with H ≤ G. Suppose that FH(−a) = 0, for some positive integer
a. Then also FG(−a) = 0.
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Lemma 4 [2, Proposition 1.7] Let G1 and G2 be permutation groups on disjoint
sets Ω1 and Ω2 respectively. Let G = G1 ×G2 acting on Ω1 ∪ Ω2 . Then
FG(x) = FG1(x) · FG2(x).
Lemma 5 [2, Proposition 1.8]
FG≀H(x) = |G|
mFH (FG(x)/|G|) ,
where m is the size of the domain of H.
Lemma 6 [2, Lemma 3.1] Suppose that (Γ, G) is a reciprocal pair. Then the
number of edges of Γ is the sum of the transpositions in G and the number
of transpositions (i, j) ∈ G for which {i, j} is a non-edge. In other words we
have E(Γ) = t(G) + t0(G) where t0(G) denotes the transpositions which are
non-edges.
Proposition 7 Let Γ be a k-star as defined above. Then the full automorphism
group G of Γ is isomorphic to Sk × Sα where α is the number of points on the
k-star and Sα acts on the points around the star.
Proof Clearly, any element g ∈ Sk or g ∈ Sα is also an element of any auto-
morphism group of Γ. It remains to show that there does not exist an element
g ∈ G such that it contains a cycle containing a vertex from the centre of the
star and vertex which is a point of the star. By definition, g is an element of
the automorphism group if and only if {i, j} and {g(i), g(j)} are both edges in
Γ. However if g contains a cycle satisfying the above, then the vertex which is
a point of the star gets mapped to the centre and is now connected to other
(non-centre) points of the star. This gives a contradiction, as there are no edges
between points of Γ and therefore g cannot be an element of any automorphism
group of Γ.
Now we have the necessary background lemmas, we are in a position to prove
Theorem 1.
Lemma 8 (Γ, G) is a reciprocal pair if and only if
FG¯(−x)FT (−x) = (−1)
nx(x − 1) · · · (x− k + 1)FG¯(x− k) (1)
where G¯ = stabG(1, ..., k), T ≤ Sk and G = G¯× T .
Proof From the definition of group-graph reciprocal pairs, (Γ, G) is a reciprocal
pair if and only if FG(−x) = (−1)
nPΓ,G(x). The chromatic polynomial of a
k-star is
PΓ,G(x) =
∑
g∈G
P (Γ/g)(x) =
∑
g∈G¯×Sk
1
x(x− 1) · · · (x− k + 1)(x− k)c(g)−k.
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In order to avoid any elements that gives P (Γ/g) = 0 we must restrict the sum
to any g ∈ G¯× Sk1 . This gives
PΓ,G(x) =
x(x − 1) · · · (x − k + 1)
(x− k)k
∑
g∈G¯×Sk
1
(x − k)c(g)
=
x(x − 1) · · · (x− k + 1)
(x− k)k
FG¯×Sk1 (x− k).
By Lemma 4 we get
FG¯×Sk1 (x − k) = FG¯(x− k)FSk1 (x− k) = FG¯(x− k)(x − k)
k.
Hence
PΓ,G(x) = x(x− 1) · · · (x− k + 1)FG¯(x− k).
Then, again using Lemma 4 with G = G¯× T we get
FG¯(−x)FT (−x) = (−1)
nx(x− 1) · · · (x− k + 1)FG¯(x− k).
Lemma 9 G = G¯×Sk for some G¯ such that (Sk+1)
r ≤ G¯ ≤ Sk+1 ≀H for some
H ≤ Sr where n = r(k + 1) + k.
Proof Let α be the number of points on the k-star. Then the number of
edges is kα + 12k(k − 1). By Lemma 6, t(G) + t0(G) = kα +
1
2k(k − 1) where
t0(G) = t(G) − δ for some 0 ≤ δ ≤
1
2k(k − 1). One of the consequences of
Proposition 7 is that there can be no element in any automorphism group G
of Γ which acts between the centre of the star and its points. Hence, the only
place a transposition which is also an edge can exist is in the centre of the star
which has 12k(k − 1) edges, giving the equality for δ.
We can also get another equation for t0(G) by taking the group generated by
all the elements in t0(G):
〈g ∈ t0(G)〉 ∼= Sλ1 × Sλ2 × · · · × Sλr
where
∑r
i=1 λi = α. This is because the only place in the k-star where there
are no edges between vertices are between the points of the star. Also note that
this group lies within G¯. So now we have two equations for t0(G) to work with.
t0(G) =
1
2
(
k
r∑
i=1
λi +
1
2
k(k − 1)− δ
)
t0(G) =
1
2
(
r∑
i=1
λ2i −
r∑
i=1
λi
)
Combining these into one equation yields:
⇒ (k + 1)
r∑
i=1
λi +
1
2
k(k − 1)− δ =
r∑
i=1
λ2i (2)
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Now let there be some λi ≥ k+2 for some 0 ≤ i ≤ r. Then this gives Sk+2 ≤ G¯
and hence FG¯(x) will have a root at −(k + 1). By Lemma 8 with x = −1 we
have
FG¯(1)FT (1) = (−1)
n(−1)(−2) · · · (−k)FG¯(−1− k)
⇒ |G¯||T | = (−1)n(−1)(−2) · · · (−k) · 0
which is a contradiction, so λi ≤ k + 1 for all i.
Now define pv := | {λv : λv = v} |. Note that pi ≥ 0 for all i. This makes
equation (2) read as
(k + 1)p1 + · · ·+ k(k + 1)pk + (k + 1)
2pk+1 +
1
2
k(k − 1)− δ
= p1 + 2
2p2 + · · ·+ (k + 1)
2pk+1
Moving all the terms to the left hand side gives
kp1 + · · ·+ i(k + 1− i)pi + · · ·+ kpk +
1
2
k(k − 1)− δ = 0
As all pi ≥ 0 and
1
2k(k − 1)− δ ≥ 0 we must have that all pi = 0 for all i ≤ k.
This gives us a few conclusions. First, that δ = 12k(k− 1) so we must have that
Sk ≤ T . But before we had that T ≤ Sk so T = Sk and G = Sk × G¯. Second,
we have pk+1 = r to satisfy the condition
∑r
i=1 λi = α, so α = r(k + 1) and
n = r(k + 1)+ k which proves the first part of Theorem 1. Third, we have that
(Sk+1)
r ≤ G¯ ≤ Sk+1 ≀H for some H ≤ Sr and the lemma is proved.
Proof of Theorem 1 The previous lemma proved the first part of Theorem 1.
It also proved that T = Sk, so now we can substitute FT (x) = x(x + 1) + ...+
(x+ k − 1) into equation (1) and get
FG¯(−x)(−1)
kx(x− 1) · · · (x− k + 1) = (−1)nx(x− 1) · · · (x− k + 1)FG¯(x− k)
⇒ FG¯(−x) = (−1)
r(k+1)FG¯(x− k)
which holds if and only if (Γ, G) is a reciprocal pair.
As seen in Lemma 5, the cycle polynomial of G¯ can also be written in terms of
the wreath product
FG¯ = ((k + 1)!)
rFH
(
FSk+1(x)
(k + 1)!
)
.
Given that we know the cycle polynomial of Sk+1(x) = x(x+1) · · · (x+k) we also
have Sk+1(−x) = (−1)
k+1x(x−1) · · · (x−k) and Sk+1(x−k) = x(x−1) · · · (x−
k). Using those cycle polynomials, we can use Lemma 5 to find FG¯(−x) and
FG¯(x− k):
FG¯(−x) = ((k + 1)!)
rFH
(
(−1)k+1x(x− 1) · · · (x− k)
(k + 1)!
)
6
= ((k + 1)!)rFH
(
(−1)k+1y
)
FG¯(x− k) = ((k + 1)!)
rFH
(
x(x − 1) · · · (x− k)
(k + 1)!
)
= (k + 1)!)rFH(y)
Now let H ≤ Sr and let k be odd (part 2(a) of Theorem 1) and observe that
FG¯(−x) = FH(y) = FG¯(x − k). Hence, as k + 1 is even, we have that (Γ, G) is
a reciprocal pair.
For the last part of Theorem 1, let H ≤ Ar and let k be even. Then we get
FG¯(−x) = FH(−y) = (−1)
r(k+1)FH(y) = (−1)
r(k+1)FG¯(x− k).
By Lemma 2 this holds if H contains no odd permutations, but as H ≤ Ar
that is clearly the case, so again we have that (Γ, G) is a reciprocal pair and the
theorem is proved.

This gives a new infinite family of group-graph reciprocal pairs. As discussed
before, we know we can form new pairs by taking wreath and direct products
of existing pairs. As of yet, we have not found any pairs not in the form
described in the conjecture in the first section. Future research into this area
could investigate into the conjecture and try and find a proof that all group-
graph reciprocal pairs are of the form described.
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